Analytical expressions of the wave functions are derived for a Bohr Hamiltonian with the Manning-Rosen potential in the cases of γ-unstable nuclei and axially symmetric prolate deformed ones with γ ≈ 0. By exploiting the results we have obtained in a recent work on the same theme Ref.
Introduction
The advent of critical point symmetries in nuclear structure has motivated the search for adequate approaches with different potentials within the Bohr-Mottelson model [2, 3] for describing nuclei which are close to or away from these symmetries. Among these symmetries, one can cite for example the critical point symmetry E(5) [4] which allows describing the second order phase transition between vibrational and γ-unstable nuclei and the X(5) [5] critical point symmetry corresponding to the first order phase transition between vibrational and axially symmetric prolate deformed nuclei. In this context, different potential models have been used such as infinite square well potential [4, 6] , Morse potential [7, 8] , Kratzer potential [9, 10], Davidson potential [11, 12] , Sextic potential [13, 14, 15, 16, 17, 18, 19] , Quartic potential [20] , WoodsSaxon [21] , Hulthen potential [22] ...etc. Recently, we have used the Manning-Rosen potential to calculate energy spectra and the ground state bandhead R 4/2 = E(4 + g )/E(2 + g ) ratios, as well as those of the β and γ bandheads, normalized to the 2 + g for nuclei with a mass number 100 < A < 250 [1] . The corresponding energy formula has been obtained in closed analytical form by means of the asymptotic iteration method [23, 24, 25] as well as the corresponding normalized wave functions. This method has proved to be a useful tool when dealing with physical problems involving Schrödinger-type equations [26, 27, 28, 29, 30] . In order to extend that work to include transition probabilities calculations, in this paper we exploit the already obtained normalized wave functions [1] to evaluate transition rates in the different bands for several γ-unstable and axially symmetric prolate deformed nuclei. The obtained numerical results are in a good agreement with the experimental data and are generally better than those obtained by Bonatsos et The present paper is organized as follows. In Section 2 the normalized wave functions are constructed and the electric quadrupole transition rates are calculated for γ-unstable and axially symmetric prolate deformed nuclei, while Section 3 is devoted to the numerical calculations of the B(E2) transition probabilities along with their comparisons with the experimental data and with results from other models. Finally, Section 4 contains the conclusion.
B(E2) Transition rates 2.1 The γ-unstable nuclei
The original collective Bohr Hamiltonian is given by [2] 
where β and γ are the usual collective coordinates, Q k (k = 1, 2, 3) are the components of angular momentum in the intrinsic frame, and B is the mass parameter.
In the case of γ-unstable potentials, we assume that the potential V (β, γ) depends only on the coordinate β, i.e. V (β, γ) = U (β). This kind of potentials are appropriate to describe the nuclei which can depart from axial symmetry without any energy cost. The total wave function can be constructed as [31] Ψ(β, γ, θ i ) = ξ(β)Φ(γ, θ i )
where θ i (i = 1, 2, 3) are the Euler angles. By introducing the reduced energy = 2BE/h 2 and reduced potentials u = 2BV /h 2 , the corresponding Schrödinger equation can be separately written as
where τ is the seniority quantum number, characterizing the irreducible representation of SO (5) and taking the values τ = 0, 1, 2, ... [32] . The last equation has been solved by Bés [33] long time ago. Concerning the radial part (3), the Rosen-Manning potential u(β) [34] is used
where α is a screening parameter characterizing the range of the potential and the parameter β 0 indicates the position of the minimum of the potential leading to the energy spectrum [1] n,τ = − 1 4
where n is the principal quantum number, and
To determine the radial wave function one needs the parametrization [1] 
leading to
The solution of this equation is found to be
where 2 F 1 are hyper-geometrical functions and N n,τ is a normalization constant. Therefore, according to the relation between hyper-geometrical functions and the generalized Jacobi polynomials [35] the radial wave function in the γ-unstable case can be written as,
The normalization constant computed via the normalization condition,
Using the usual orthogonality relation of Jacobi polynomials (see Eqs. (7.391.1) and (7.391.5) of [36]) we get
Having the expression of the total wave function, one can easily compute the B(E2) transition rates. In the general case the quadrupole operator is defined as [31] 
where D(θ i ) denotes the Wigner functions of Euler angles and t is a scale factor. The B(E2) transition rates from an initial to a final state are given by [37]
where s denotes quantum numbers other than the angular momentum L. Then, the full symmetrized wavefunction is written from equation (2) as
The radial function χ(β) is given by Eq. (11), while the angular functions Φ τ (γ, θ i ) have the form [33] Φ τ (γ, θ i ) = 1 4π
where α 2 is defined in Eq. (14 
with
In the special case of the Manning-Rosen potential and by using the eigenfunctions shown in Eq. (11), the integrals of Eq. (19) take the form
The axially symmetric prolate deformed nuclei
Exact separation of the variables β and γ may be achieved when the reduced potential is chosen as in Refs. [7, 10, 12, 18, 31, 39 ] v(β, γ) = u(β) + w(γ)/β 2 . For the γ-part, we use a harmonic oscillator potential [5, 12] w(γ) = (3c) 2 γ 2 . In the same context, we consider a wave function of the form [5] 
L is the the total angular momentum, where M and K are the eigenvalues of the projections of angular momentum on the laboratory fixed x-axis and the body-fixed x -axis respectively. By solving the γ-vibrational part of the Schrödinger equation following method of [40] , the γ angular wave functions can be written as [40]
where n γ is the quantum number related to γ oscillations, while L K/2 nγ represents the Laguerre polynomial and N γ,K the normalization constant, determined from the normalization condition
In the case of small γ vibration | sin 3γ| |3γ|, then the integral Eq. (23) 
The normalization constants for the (n γ , K) = (0, 0) and (n γ , K) = (1, 2) states are found to be In the prolate axial rotor case the energy spectrum is obtained as [1] n,L = − 1 4
The radial wave functions are found to be
while 2 F 1 are hyper-geometrical functions, while N n,L are a normalization constant determined from the normalization condition,
The B(E2) transition rates for axially deformed nuclei around γ = 0 read [41]
contains the integral over γ. For ∆K = 0 corresponding to transitions (g → g, γ → γ, β → β and β → g), the γ-integral part reduces to the orthonormality condition of the γ-wave functions : C nγ ,K;n γ ,K = δ nγ ,n γ δ K,K . While for ∆K = 2 corresponding to transitions (γ → g, γ → β), this integral takes the form.
Using the approximation | sin 3γ| ≈ 3|γ| and Eq. (22) the last integral becomes
where the Laguerre polynomials are unity sinceñ γ = 0. For the (n γ = 1, K = 2) → (n γ , K = 0) transition, Eq.(36) is found to be
Numerical results
In Table (1) and Table ( 2) are given the values of the free parameters of the present problem, namely : the Manning-Rosen potential parameters β 0 and α and the harmonic oscillator potential parameter c for 34 γ-unstable and 38 axially symmetric prolate deformed nuclei respectively which are subject of the present study. These parameters have been already obtained in our previous work [1] by fitting the energy spectra to experimental data. We should notice here that such a fitting does not concern the transition probabilities. In Table ( 3) and 
where N denotes the total number of points involved in rms,
represent the theoretical and experimental transition rates from an initial to a final state, respectively. B(E2, 2 g → 0 g ) is the transition between the first-excited state and the ground state. It comes out from this comparison that over the 34 γ-unstable and 38 axially symmetric prolate deformed nuclei subject of this study, nearly 60% are very well reproduced by the Manning-Rosen potential in both cases as can be seen from Figure 1 . The quality of our results in respect to those of Bonatsos et al. [8, 12, 10 ] is related to the shape of the used potential. Indeed, it has been shown [8] that if a considered potential increases rapidly for large values of β, this leads to large spacings in the β band. From Figure  ( 2), one can observe that for large values of β, the Manning-Rosen potential becomes flatter than Morse and Kratzer potentials, while the Davidson potential is growing as β 2 . In addition, it should be stressed that the number of free parameters used in our calculations is the same as that used in Bonatsos et al. ones, namely : two parameters in the γ-unstable case and three parameters in the axially symmetric prolate deformed case. Also, the same experimental data have been used in both calculations.
In the case of γ-unstable nuclei, some inter-band transitions are systematically underestimated by all models presented in Table ( 3), while in the rotational nuclei some inter-band are systematically overestimated also by all models shown in Table ( 4) . But, in both cases our results are generally better in comparison with the other models.
Conclusion
In the present work, we have extended our previous calculations [1] within the Bohr Hamiltonian with the Manning-Rosen potential as the β-part of the nuclear collective potential, while the γ-part was described by a harmonic oscillator potential, to include transition rates in the three bands, namely : the ground state, the β and γ bands of 34 γ-unstable and 38 axially symmetric prolate deformed nuclei. From the comparison of our results with the experimental data and the theoretical predictions of other authors which have been obtained with Davidson, Kratzer and Morse potentials, it comes out that our results are better for nearly 60% of the studied nuclei, while the calculation with the other potentials succeeded to reproduce less than 30% of such nuclei in the best case. So, it seems that the Manning-Rosen potential is more suitable for such calculations thanks to its shape which is flatter for large values of the β collective coordinate in respect to the other potentials.
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